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I. INTRODUCTION 
It is well known that a holomorphic function in the open unit disk D which 
omits a set of positive capacity is of bounded characteristic (see [l, p. 2821). 
Whether or not a similar natural geometric condition exists for the Hardy 
classes HP seems to be an open question. The purpose of this note is to 
establish some simple results which serve to delineate this question. 
If such a condition does exist, its geometric character must be quite 
distinct from that of capacity. Indeed, the function exp {(I + z)/(l - .a)} 
is holomorphic in D, omits every point in the closure of D, and belongs to 
no Hardy class HP (see [2, p. 611). On the other hand, as we prove in Section II 
of this note, a holomorphic function in D which omits a half-line is in HP if 
0 < p -C l/2; and, more generally, a function whose range is contained in a 
wedge of angular measure (y. is in HP if 0 < p < ~-/a. These results are exten- 
sions of Smirnoff’s classical theorem concerning functions with positive 
real parts. 
In Section III we observe that some of the results of Section II are also 
consequences of Littlewood’s subordination principle. In Section IV we 
give a brief description of some related results essentially due to Littlewood, 
and we sketch a new proof of Prawitz’s inequality. 
II. EXTENSIONS OF SnmivoFF’s THEOREM 
THEOREM 1. A holomorphic function f in D which omits a half-line is 
in HpifO <p < l/2. 
PROOF: By a suitable rigid motion, the half-line in question can be made 
to coincide with the negative real axis (including the origin). Analytically, 
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this means that constants a and b esist, n-here ! a / = 1, such that the 
function F(z) = uf(z) {- b maps D into the complex plane cut along the 
negative real axis. Consequently-, the principal branch of the square root of 
F(z) is holomorphic in D and has a positive real part. According to a theorem 
of Smirnoff (see [2, p. 641 and [3, p. 295, ex. l]), a holomorphic function 
in D which has a positive real part belongs to H1) for each p in the interval 
0 < p < 1. Therefore 
SUP ijIn 1 {F(reis))1/2 1 PdlI : 0 <r<l!<a 
! 
if 0 < p < 1, and F is in HP if 0 < p < l/2. Since f(z) = &F(z) - a-lb 
and since HP is a linear space (1 s + t lfl 5 2p ( s 11) + 2p 1 t ID for all com- 
plex numbers s and t), the validity of the theorem is evident. 
By slightly modifying the proof given above, one can establish the following 
result. 
THEOREM 2. A holomorphic function f in D whose range is contained in a 
(closed or open) wedge of angular meare OL(O < (Y < 2~) is in HP if0 < p < Z-/CL 
It is obvious from Theorem 2 that a function mapping D into a semi- 
infinite strip belongs to every Hardy class HP (0 <p <a). In the next 
section we sharpen this result. 
III, A SUBORDINATION PRINCIPLE OF LITTLEWOOD 
Littlewood [4] (also see [l, p. 3231 or [5, p. 4221) proved that if G is a 
univalent majorant of a holomorphic function g in D (that is, if g(D) C G(D) 
and g(0) = G(O)), then the inequality 
I* 1 g(reie) 1 pdl < r ) G(re”‘?) ]pd0 
-n --IT 
holds provided 0 < p and 0 < Y < 1. 
By making some obvious estimates (see [2, p. 661) or by using Smirnoff’s 
theorem, one can prove that the function (1 + x)/(1 - z) is in HP if 
0 < p < 1. Given 0r(0 < 01 < 27r), F,(z) = ((1 + z)/( 1 - z)>aln (where the 
principal branch is used) is a univalent function mapping D onto the wedge 
{w: I arg w 1 < a/2}; and, because of the observation made above, it belongs 
to HP if 0 < p < ,/a. 
Iff is a holomorphic function mapping D into a wedge of angular measure 
OL, then it is geometrically obvious that constants A and B exist, where A # 0, 
such that the functionF,Jz) is a univalent majorant of the function Af(z) + B. 
Theorem 2 follows at once from Littlewood’s subordination principle. 
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THEOREM 3. A holomorphic function in D whose range is contained in an 
injkite strip belongs to every Hardy class HP (0 <p < m). 
PROOF: After a suitable transformation, the function log {( 1 + z)/( 1 - z)} 
serves as a univalent majorant. That the majorant is in every Hardy class 
follows by modifying a familiar argument (see [2, p. 591). 
IV. CONCLUSION 
The functions F, considered in Section III can be used to show that The- 
orems 1 and 2 are sharp. To see this, it suffices to observe that the function 
(1 + z)/( 1 - Z) is not in H1 since the boundary function (1 + ezO)/( 1 - ei”) = 
icot (8/2) is not Lebesgue summable (see [2, p. 571). 
We should remark that Littlewood [4] h as essentially shown that Theorem 1 
is still valid when the half-line is replaced by a set whose complement is open, 
simply connected, and has at least two boundary points. One proof (somewhat 
different from that of Littlewood) runs as follows. Let g be the function 
which omits the set. Since the Riemann mapping theorem shows the existence 
of a univalent majorant of g, it will suffice to prove that every univalent 
function which is holomorphic in D belongs to HP if 0 < p < l/2. 
Let f(z) = z + a,z* + a,z3 + .** be univalent in D, and let M(Y) = 
max { 1 f(z) 1 : 1 z 1 = Y}. Th en, according to Prawitz (see [l, p. 151]), the 
inequality 
d = 
r- 
I dy --n 
1 f(reie) ] PdtI < 27rp [M(Y)]* (1) 
is valid if 0 < p and 0 < Y < 1. This, in conjunction with the familiar 
inequality [5, p. 3531 M(Y) < y/(1 - Y)~, yields the desired conclusion. 
Although it is possible to establish other results which shed light on the 
problem posed in Section I, we shall be content to merely mention one 
example: Using known results of D. C. Spencer, one can prove that a mean 
q-vale& function in D belongs to HP if 0 < p < 1/(2q). 
We conclude by sketching a proof of Prawitz’s inequality which avoids 
the difficulties connected with logf(z) in the proof given in [l, p. 1511. Let 
f be a holomorphic, univalent function in D which vanishes at the origin. 
Then the left-hand side of (1) is just the line integral with respect to arc 
length of the derivative of ] f(x + zj~) )p in the direction of the outer normal 
along the curve 1 z ] = Y. Writing the left-hand side of (1) in the form 
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setting f(x + iy) = U(S, y) + iz’(s, J), and making use of the Cauchy- 
Riemann equations, one sees that the left-hand side of (1) is equal to 
where the integral in (2) can either be computed in the (x, y)-plane along the 
curve 1 z 1 = r or in the (u, v)-plane along the curve r = {f(z): 1 z / = ~1. 
Letting r, = {u + iv: {u” + v”jr~~ = M(r) + E>, where E > 0, and applying 
Green’s theorem to the doubly-connected region R bounded by r and r, , 
we obtain 
J 
p{u’ + 7P}(P--2)12 (udv - vdu} - 
1 
P{u2 + v2}(*‘--2~~2{udv - vdu} 
r, r 
-IS 
- R p”{u’ + v~}‘P-~‘/~ dudv > 0. 
Consequently, 
Y & jI If(rez”) (UB < 277p[M(r) + E]*' 
II 
for all E > 0, which yields (1). 
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